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1. Introduction 
Let k be an algebraically closed field and let /1 be a finite dimensional k algebra 
of finite representation type, and let Mr, A&, . . l , M, be a complete set of noniso- 
morphic indecomposable /i-modules. Let A(A) = End&& @ l *. @M,))OP be the 
Auslander algebra of /i. A classification of the pairs (/1, &l)) where A(4) is of 
finite representation type was obtained in [S]. Our main result (Theorem 8.2) stated 
that A(A) is of finite representation type if and only if the universa: cover of 
the Auslander-Reiten quiver of /i is a specified sequence of pastings of certain 
Auslander-Reiten quivers. 
This paper is in a sense, a follow-up study of Auslander algebras of finite repre- 
sentation type. We are mainly interested in qualitative descriptions of these algebras. 
Some of our results use the classification results of [5], others have direct proofs. 
Throughout this paper we assume that /i is standard, i.e. A(/i) is isomorphic to 
its associated radical-graded algebra. 
One first observation that follows from [5] is the following statement about the 
generators and relations of /i: 
Proposition 1.1. Let A be an algebra of finite representation type and assume that 
its Auslander algebra is of finite representation type. Then A is a zero-relations 
algebra 
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Proof. We recall that a zero-relations algebra is an algebra which is a quotient of 
the path algebra of a quiver by an ideal whose generators are paths. It follows from 
[5, Theorem 8.21, that /1 is an algebra which can be obtained by a sequence of point 
or triangle pastings of basic building block algebras from the List 6.3. It is clear 
from the list that each basic building block algebra is a zero-relations algebra. It is 
easily seen that point and triangle pastings of zero-relations algebras are also zero- 
relations algebras. The result follows. 0 
The following result was originally obtained by Reiten and Riedtmann [a]. 
Proposition 1.2. Let A be an algebra of finite representation type such that its 
Auslander algebra is of finite representation type. Let M be an indecomposable 
A-module. Then the composition length of M is at most 4 and the Loewy length of 
A is at most 4. 
Proof. Clearly the second statement follows from the first. Assume that /i is ob- 
tained by pastings of the blocks /i 1, . . . , Ak. A case by case analysis of the building 
blocks shows that for each _/li and indecomposable &module M, we have that the 
length of M is bounded by 4. Now ind /i = ind /il U l -- Uind /Ik where ind /li 
denotes the isomorphism classes of indecomposable &modules [5, Lemma 3.51. 
The proposition follows. q 
Remark 1.3. We observe that if the Auslander algebra A(/i) is of finite repre- 
sentation type, then cw(/i) I 2, that is for every indecomposable /i-module M we have 
Q(M)zs~, where o&M) denotes the number of indecomposable summands of E, 
where E-M is a minimal right almost split morphism. This can be easily seen, since 
the representation type of the quiver 
with the relations given by an almost split sequence, is infinite. 
Proposition 1.4. (See also [2].) 
(a) The algebra A(A(A)) is of infinite representation type unless A is Nakayama 
(serial) of Loewy length at most 2. 
(b) The algebra A(A(A(A))) is of infinite representation type unless A is semi- 
simple. 
roof. (a) If A(A(A)) is of finite representation type, then by Proposition 1.1, A(A) 
A uslar~ der algebras 309 
must be a zero-relations algebra. It is easy to show that A(A) is a zero-relations 
algebra if and only if A is Nakayama of Loewy length at most 2. 
(b) Follows from (a) and Proposition 1.1. Cl 
The following can also be proved using a case by case analysis and the classifi- 
cation theorem of [5]. 
Proposition 1.5. Let A be an algebra of finite representation type. Let n(A) denote 
the number of isomorphism classes of indecomposable A-modules and [A : k] the 
vector space dimension of A. Then if n(A) > [A : kj + 3, the AuAl’ander algebra A(A) 
is of infinite representation type. 0 
2. Chains of irreducible maps 
In this section we study chains of irreducible maps between indecomposable A- 
modules, where A is an algebra of finite representation type. We obtain necessary 
conditions for the Auslander algebra of A tc be of finite representation type in terms 
of the lengths of chains of irreducible maps and, the number of classes in the 
prelzojective partition of A. 
Let PO denote a complete set of nonisomorphic indecomposable projective A- 
modules. For each indecomposable A-module M we define d(P,, M)-the distance 
from PO to M-to be the length of the shortest chain of irreducible maps linking 
M to a projective A-module. We show first that if the Auslander algebra of A is 
of finite representation type, then d(P,, M) I 3 for each indecomposable A-module 
M. The following lemma is used in the proof. 
Lemma 2.1. (a) The diagram 
cannot be a full subgraph of the Auslander-Reiten quiver of an artin algebra. 
(b) The diagram 
DTr’ A 
DTr B 
DTr C 
B 
c 
DTrB-< -____ ________ B, 
\ / \ 
cannot be a full subgraph of the Auslander-Reiten quiver of an artin algebra. 
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Proof. (a) Let I( ) denote the (composition) length of a module. Jf the diagram 
appears as a full subgraph of the Auslander-Reiten quiver, we have: 
,‘(DTr’ A) + Z(DTr A) = Z(DTr B) + Z(DTr C), 
Z(DTr B) + Z(B) = Z(DTr C) + Z(C) = Z(DTr A), 
Z(DTr A) + Z(A) = Z(B) + Z(C). 
Combining these relations we obtain Z(A) = - I( Tr2 A) which gives a contra- 
diction. 
(b) Use a similar argument to obtain the contradiction Z(4) = - Z(DTr2 C). q 
Proposition 2.2. Let A be un artin algebra of finite representation r,:ge and Qssume 
that its Auskonder algebra is of finite representation type. Then d(Po, IM) I 3 for 
every indecomposable A-module M. 
Proof. We have already seen that the Auslander algebra being of finite repre- 
sentation type implies that a(A) 52. Let M be an indecomposable A-module and 
assume that d(P,, M)> 3. Then both M and DTr M are nonprojective. 
Case I. Q(M) = 1. So we have an almost split sequence of the form O+DTr M+ 
E+M+O with E an indecomposable A-module. Since E is not projective and 
DTr M+E is a monomorphism, there is an almost split sequence O-)DTr E+ 
X@ DTr M+E*O where X is indecomposable, and both X and DTr E are non- 
projective by our assumption on d(P,, M) > 3. Also, the map DTr E-X is a mono- 
morphism. Thus we have an almost split sequence O-+DTr X-, Y@ DTr E+X-*O 
where Y is indecomposable and not projective and DTr X-, Y is a monomorphism. 
Continuing, we obtain an almost split sequence O+DTr Y-,2@ DTr X-) Y+O. But 
now we have obtained the following quiver: 
DTr Y 
DT+ E 
DTr 
DTr* 
X 
DTr M M 
which is of infinite representation type by [43 and thus we obtain a contradiction. 
Case 2. aL(M) = 2. So there exists an almost split sequence O-+DTr M+ 
El @ E2*M-+0 where El, E2 are indecomposable and El, E2, DTr El, DTr E2 and 
DTr M are nonprojective by assumption. If aL(El) = aL(E2) = 2, then we obtain the 
following full subquiver of the Auslander-Reiten quiver which implies that the 
Auslander algebra is of infinite representation type. 
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DTr E, 
DTr Ez 
T 
DTr M 
X 
M 
NOW aL(Er) = crL(Ez) = 1 cannot occur either by Lemma 2.1(a), thus wc may 
assume aL(El) = 1 and (xL(Ez) = 2. There is an almost split seqxnce: O+DTr E,-+ 
X@ DTr M+Ez-+O with both X, and DTr Ez nonprojective. Using Lemma 2.1(b), 
the almost split sequence of X is of the form: O-+DTr X+ Y@ DTr E,-+X+O. We 
end up by obtaining the following subquiver of the Auslander-Reiten quiver which 
implies that the Auslander algebra is of infinite representation type by [4]. 
DTr’ Ez 
/DTr2 M 
\ DTrX 
yDTrE’ 
1, 
Y 
------ 
El 
& 
M 
a 
We turn our attention now to chainr , . maps with nonzero composition. If M 
is an indecomposable /I-module, let ate,, M) denote the length of the shortest 
chain of irreducible morphisms whose composition is nonzero, linking a projective 
&module to M. We have the following proposition: 
Proposition 2-3. Let A be an algebra of finite representation type and assume that 
its Auslander algebra is also of finite representation type. Let M be an inde- 
composable A-module. Then : 
(a) d(Po, M) s 4 if q(M) = 1, 
(b) d(P,, M) I 3 if Q(M) = 2. 
Proof. If M is projective then d(Po, M) = 0 so we may well assume that M is not 
projective. 
(a) q-(M) = 1. Then there exists an almost split sequence O+DTr M-G, *M-O. 
Since the map DTr M-E, is a monomorphism, it follows that either: (i) El is 
projective in which case d(P,. M) = 1, or (ii) there is an almost split sequence 
O*DTr E,-,DTr M@ E2-‘EI-+0. Since I(DTr E,) - l(E2) = I(DTr M) - I(&), where 
I( ) denotes the length, it follows that the map DTr El -*E, is a monomorphism. 
So, again either (i) E2 is projective, in which case d(Po, M)s~ or (ii) there is an 
almost split sequence O+DTr E2+DTr El @ E,-+E,+O. Using the same argument 
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for E3 we have either d(P,, M)s3, or 0-,DTrE~~DTrEzO~~jE3-t0 is an 
almost split sequence. Finally, we obtain that either Ed is projective, so that 
d(P,, M) 14, or the following diagram is a full subgraph of the Auslander-Reiten 
quiver of /1: 
DTr EJ 
E? 
DTr M _-------- 
which is of infinite representation type by [4], giving a contradiction to the as- 
sumption that the Auslander algebra is of L’inite representation type. 
(b) q(M) = 2. In this case there exists an almost split sequence O+DTr M+ 
El @FyM+O. If E, or F, is projective, then d(P,, M) = 1. Now assume both El 
and F1 are nonprojective. Since aL(El ) = aL(Fl) = 2 implies that the Auslander 
algebra is of infinite representation type, we may assume that aL(F,) = 1. If 
q(E,) = 1 then DTr M must be projective by Lemma 2.1, thus d(P,, M) I 2. So 
aL(El) =2 and therefore there exists an almost split sequence O-)DTr El+ 
DTr M@ EpE, -0. So now we have the following graph: 
DTrF H I ----- 
E2 \
-b 
-------_ 
El 
Fl 
M. 
If either DTr M or Ez is projective, then C&P,, M) 5 2. So assume they are not pro- 
jective. Then there are two possibilities: (xL(E2) = 1 or cx,(E,) = 2. Now, aL(Ez) = 1 
and DTr El nonprojective would give a quiver 
_ DTr Ez 
DTrZ E A 
‘lDT?M M 
which cannot be r~ full subgraph of any Auslander-Reiten quiver by Lemma 2.1(b). 
Hence if ct,(E,l = 1, DTr El must be projective and therefore d(&, M) I 3. (Note 
that any chain of irreducible maps with nonzero composition cannot pass through 
DTr Fl.) 
Finally, the only possibility left is aL(Ez) = 2, but that would give a quiver 
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DTr Ez 
DTr’ M 
El 
FI 
M 
as a full subquiver of the Auslander-Reiten quiver. This implies that the Auslander 
algebra is of infinite representation type. This finishes the proof that if Q(M) = 2, 
then d(P,,M)(3. Cl 
One immediate consequence of Proposition 2.3 is that the number of classes in 
the preprojective partition of /1 is bounded by 5, since d(P,, S) I 4 for every simple 
/i-module S, and by [7] the number of preprojective classes is bounded by 1 + 
max{d(Po, S)l S simple n-module). However, using [S] we can obtain a sharp 
bound. For a precise definition of the preprojective partition see [3]. 
Proposition 2.4. Let A be an algebra of finite representation type such that its 
Auslander algebra is of finite representation type. Then the number of classes in the 
preprojective partition of A is bounded by 4. 
Proof. It is easy to check that the proposition is true for each building block of /i. 
So we have to check that point and triangle pastings do not increase the number of 
classes in the preprojective partition. 
Point pasting. Let /i =/i 1 VA, be an algebra obtained by a point pasting. Then 
the Auslander-Reiten quiver of /1 has the following form: 
Let M be a /l-module which is a &module and not a &module (i.e. different 
from V). We claim that if M is in P&) for i>O as a &-module then M is in 
P&/i) as a /l-module for some ~10. If M as a /i-module is in Pi+k(A), for k>O, 
then there is a minimal cover @ Yj+M with all Yj in Pi+k_ 1 (& It is not hard to 
see that none of the maps in the minimal cover can factor through V. Therefore all 
5 are &modules. Since it is impossible to cover M with modules from Pi(Az) U 
pi+ 1M2)u l ‘* 9 there is a module Y in P,(/12) with t < i, such that Y is in Pi+k_ ,(A). 
So by induction we may assume that M is in P,(A2). Then M is a summand of 
TrDr P for some projective /i2-module P [3]. Then P is not a simple projective 
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module, hence it is different from V. Therefore it is also a projective A-module and 
so M is in P t(A). 
Triangle pasting. The idea of the proof in this case is thg same. Let A = A, n A2 
be an algebra obtained by a triangle pasting. Then the Auslander-Reiten quiver of 
A looks like: 
Again, we may assume that M is in Pl for some i> 0 and that M does not 
correspond to A, B or C. By a similar ind ion argument we see that we can assume 
that M is in P,(A,). (For this argument use the fact that none of the maps in 
a minimal cover of M will factor throu any of A, 3 or C.) Exactly the same 
argument as in point pasting shows that M is in P&l). 
If there are no maps from &modules to &modules, then the preprojective 
classes of &modules stay the same as Il-modules. If there are maps from AZ- 
modules to A i-modules then there is a sequence of pastings from A2 to A I and then 
again, the preprojective partition of the /Ii-modules is not changed, by the above 
arguments. Kl 
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